A simple modification of the standard Renormalization Group (RG) technique for the study of quantum spin systems is introduced. By applying this method to the xxz spin 1 2 Heisenberg chain, we obtain the ground state energy with much higher accuracy than the standard RG.
Introduction
Soon after the introduction of real space Renormalization Group (RG) by Wilson and it's application to the Kondo problem [1] , it was found that this type of RG does not always produce accurate numerical results, as compared with other powerful techniques. One of the weak performances of the RG method was found in Lee's work on 2D Anderson localization [2] . Using numerical RG method he concluded that there is a critical amplitude for the random potential which induces localization. However, not long after Lee's work, Lee and Fisher [3] , using a different approach, found that the 2D model is logarithmically localized even for arbitrary small randomness. This result is now generally accepted. Such unsatisfactory behavior of the RG method compared with the other methods such as Quantum Monte Carlo, was one of the reasons that the RG method for quantum lattice problems remained undeveloped during the 80's.
Let us first describe the standard RG method. ( see [7] for a modern treatment and references therein) First, one divides the whole lattice into small blocks ( fig.1 ) and obtains the lowest states (|i >) of each isolated block for a particular Boundary Condition (BC).The effect of inter-block interactions is taken into account by constructing an effective Hamiltonian H ef f which now acts on a smaller Hilbert space H ef f . In this new Hilbert space, each of the former blocks is treated as a single site .
The technical way of implementing this idea is to construct an embedding operator T : H ef f −→ H and a truncation operator
and demand the commutativity of the following diagram:
Note that the operators T and T † satisfy the relation T † T = 1 but T T † = 1. Using these relations the above diagram can be expressed as: 
where m is the number of low energy states kept and repeating the RG steps one hopes to restrict himself to spaces of lower and lower energy and finally arrives at the ground state energy.
Technically this process will yield the following RG eq.
Here H N is the Hamiltonian of the N-site lattice, l is the number of sites in each block, J ′ and ∆ ′ are the effective coupling constants after RG, and e B o (J, ∆) is the ground state energy of a block. Therefore by repeating the RG steps one will obtain the following approximate ground state energy per site :
where J (n) and ∆ (n) are coupling constants after n step RG. However for many models including the xxz chain considered in this paper, this method gives only a crude estimate of the ground state energy,(see table-1).
The main difficulty of the method is that by fixing a particular BC on a block one may loose a number of states which contribute to the ground state of the whole lattice. Stated in another way, the ground state wave function of the whole lattice for a particular BC is not a simple juxtaposition of the ground state wave functions of the blocks. This point is clearly highlighted in 1D Tight Binding model in which the standard RG fails for some type of BCs [4, 6] . It must be noticed that this difficulty is not removed by increasing the size of blocks.
In 1992 S.R.White and R.M.Noak [4, 5] , succeeded to greatly improve the efficiency of the RG method by a carefull treatment of the problem of the BCs in two different ways.In the first approach, for the 1D tight binding model, they obtain the lowest lying states of the block Hamiltonian (h B ) for a variety of different BCs, and then choose a mixture of these states to construct the embedding operator T . This is called the Combination of Boundary Condition (CBC) which leads to very accurate numerical results. Moreover it has been shown in [6] that a comparable accuracy can be obtained by using only free boundary conditions. Martin-Delgado et.al [10] have studied all various types of BC's for both One and Two dimensional tight-binding model in the Correlated Block Renormalization Group (CBRG) formalizm which takes into account the effect of BCs in terms of the correlation between blocks for various types of boundary conditions.
In the second approach [5] one embeds each block into a larger(super) block and considers the block as a quantum system in interaction with a reservoir (the rest of the superblock).
The block can then be described by a reduced density matrix, whose eigenkets with the highest eigenvalues are used to construct the embedding operator (T ), this method is named Density Matrix Renormalization Group (DMRG) which again leads to very accurate results for the isotropic xxx Heisenberg chain.
However we note that the practical implementation of DMRG is much more difficult and time consuming as compared with the other methods. In [5] In this paper we want to study an infinite anisotropic xxz chain by using a variation of the superblock RG method. Our method, although does not yield as much accuracy as in DMRG, is much simpler practically, so that one can easily implement it on a personal computer. The required time is less than one second for a penteum machine. With blocks of 5 sites in the infinite chain and with retaining only m = 2 states in each block, we have obtained the ground state energy with an accuracy much better than the standard RG method. The results are compared in table-1. Admitting the remarkable simplicity of the method we think it is justified to introduce this method in detail, to which we now turn.
2 A modified Super Block RG for the s = 1 2 xxz chain
The system under consideration is the anti-ferromagnetic s = 1 2 xxz chain with the following Hamiltonian :
Where J is positive and ∆ is the anisotropic parameter which is limited by (0 ≤ ∆ ≤ 1) in the massless region. 
The basic steps of our method are follows :
step-1) First one diagonalizes the superblock Hamiltonian (h SB ). The ground state is doubly degenerate, one with the z-component of the spin equal to + 1 2 and the other equal
From the Bethe Ansatz we know that the states of lowest energy are even parity states with their z-component of spin equal to ± 1 2 . Thus the generic form of | + 1 2 > SB is as follows. 
where A = √ 2α 2 + β 2 is a normalization factor and α and β are obtained after straightforward calculations to be : 
where |+ > and |− > are the renamed base kets of the effective Hamiltonian Hilbert space.
Having the form of the embedding operator, one can calculate the projection of any operator onto the effective Hilbert space, as in eq.(1) i.e. :
where σ ′ i act as pauli matrices in the new Hilbert space. Fig.1 shows that the interaction between blocks are in the following form
Then the effective Hamiltonian between the new sites are :
where I and J are two neighbouring blocks while T I and T J are their corresponding embedding operators. Doing so we arrive at :
where
Eq.(19) describes the RG flow of J and ∆. The RG flow goes to the origion of J − ∆ plane which verifies that we are in the massless region.
step-4)
The crudest estimate for the ground state energy is just the sum of ground state energies of all the blocks or superblocks. Thus :
or
where ( E N ) (0) is the ground state energy of the whole system in the zeroth order approximation. Eq.(21) in fact defines e B o as :
However this estimate clearly neglects the contribution to the energy from interaction between blocks. To take this missing contribution into account, we add to ( E N ) (0) , the ground state energy of the new lattice, and obtain :
iterating this procedure we finally obtain :
where J (0) = J and ∆ (0) = ∆. In fact the above argument describes the physical interpretation of the formal limiting process defined in [7] , in which the ground state energy is obtained as : chains) and with those obtained from the standard RG [12] . It is clearly seen that this type of modified RG method yields much better results than the standard RG method.
Conclusions
We have shown how by a simple modification of the standard RG method one can take care of the effect of boundary conditions in treating quantum lattice systems. Our method although not as exact as the more sophisticated DMRG method [5] has the merit that it can be implemented very easily on personal computers. One may hope that for a first estimate of many properties of these systems, our method or it's improvements (or adaptation for other lattice systems) may give acceptable results.
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the flip operator σ = σ x 1 σ x 2 σ x 3 σ x 4 σ x 5 , and the parity operator (Π) :
It is easy to check that, H commutes with Π, σ and S z . Furthemore :
which means that the energy eigenstates of h SB can be chosen to have definite parity and the z-component of spin, choosing the positive parity one arrives at the generic form (9) . Tables   Table-1 
